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[1] VLF waves excited by powerful ground-based transmitters propagate in the
Earth-ionosphere waveguide and leak through the ionosphere to the magnetosphere, where
they are often recorded by satellites. Simulations of the propagation of whistler waves
using coupled transionospheric VLF propagation and three-dimensional ray-tracing models
have shown systematic overestimates of the VLF wavefield strength near 20 kHz in the
magnetosphere by about 20 dB in the night and 10 dB during the day. The paper presents
numerical simulations of the conversion between whistler and lower hybrid waves
interactions in the presence of short-scale field-aligned density irregularities (striations)
in Earth’s lower ionosphere. The simulations, which incorporate a realistic ionospheric
density profile, show that the mode conversion of whistler waves to lower hybrid waves
leads to significant attenuation of whistler waves at altitudes between 90 and 150 km.
The striation width plays an important role in the conversion efficiency between whistler
and lower hybrid wave. Uniformly distributed striations with 8 m transverse size result in
15 dB attenuation in the 90–150 km propagation range, while a spectrum from 2 to 10 m
results in 9 dB attenuation. It is argued that the attenuation of whistler waves in the
presence of short-scale density striations in Earth’s ionosphere can account for most of
the observed �20 dB loss in VLF intensity. Furthermore, it predicts that VLF/ELF
waves with frequencies below 5 kHz will not suffer similar attenuation.
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1. Introduction

[2] Injection of VLF waves generated by Navy transmit-
ters or lightning discharges into the magnetosphere and the
Radiation Belts (RB) are of extreme importance since they
play an important role in the control of energetic electron
fluxes trapped in the RB. The injected waves propagate in
the whistler mode and their resonant interaction with trapped
energetic electrons results in pitch angle scattering and
enhanced particle precipitation. They are often considered
responsible for the formation of the slot region between the
inner and outer radiation belts [Inan and Bell, 1991; Abel
and Thorne, 1998a, 1998b; Inan et al., 2003; Gemelos
et al., 2009]. Recent observations [Starks et al., 2008]
from five different spacecraft indicate that the amplitude of
the measured VLF signals in the 20 kHz range is lower by
more than 20 dB at night and 10 dB during the day than used
in the RB models. This has been termed as the “20 dB
puzzle” and has been the subject of a number of recent
studies [Foust et al., 2010; Ganguli et al., 2010; Mishin
et al., 2010; Bell et al., 2008]. Recent DEMETER plasma

wave observations above the NWC VLF transmitter at
19.8 kHz also indicate that the nominal 20 dB intensity
decrease occurs at altitudes lower than 700 km.
[3] Starks et al. [2008] used a model developed by

Helliwell [1965] based on collisional attenuation along the
whistler propagation path through the D/E region to account
for the intensity loss. The 20 dB whistler power deficit
reported by Starks et al. [2008] indicates the need for
improved propagation models over those used by Abel and
Thorne [1998a, 1998b] and Bortnik et al. [2003, 2006] to
compute injection of VLF waves by ground transmitters and
lightning. Starks et al. [2008] suggested that additional loss
processes must be taken into account to model transiono-
spheric propagation of whistler mode VLF radiation.
Lehtinen and Inan [2009] performed full wave modeling of
transionospheric propagation of VLF waves and the results
are in agreement with analysis of Starks et al. [2008].
[4] Recently, there have been several studies [Foust et al.,

2010; Mishin et al., 2010] to identify the loss processes to
account for the attenuation of whistler waves in the iono-
sphere.Mishin et al. [2010] studied the nonlinear VLF effects
(parametric instabilities) driven by intense VLF pump waves
in the topside ionosphere above powerful VLF transmitters
such as the NWC VLF transmitter in Australia. They sug-
gested that the nonlinear interactions may be responsible for
part of the energy loss of VLF wave signals as they propagate
through the heated ionosphere.
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[5] Bell et al. [2008] applied the theory of mode coupling
between whistler and LH waves in the presence of field-
aligned plasma density irregularities [Bell and Ngo, 1990] to
account for part of the whistler wave energy loss through lin-
ear mode conversion of whistler to so-called quasi-electro-
static whistler mode waves. Using the full set of equations, one
can show that the electrostatic lower hybrid wave is on the
same dispersion surface as the whistler wave. Therefore the
oblique electrostatic waves can be referred to as quasi-elec-
trostatic whistler mode waves [Bell and Ngo, 1990]. Hence,
for the same frequency as the input transmitter signals, there
are two possibilities, one with almost purely electromagnetic
whistler wave propagating with a small angle to the magnetic
field lines, and one almost electrostatic wave propagating
across the magnetic field lines [Stenzel and Gekelman, 1975;
Vincena et al., 2008]. Adopting the notation of Vincena et al.
[2008], we will refer to the electrostatic whistler waves as
lower hybrid (LH) waves in this paper. In the past, the gen-
eration of LH waves by whistler waves and vice versa on
density striations has been investigated theoretically for planar
density irregularities [e.g., Bell and Ngo, 1990]. In experi-
ments at Arecibo, it was also demonstrated that VLF signals
can couple into ionospheric ducts and propagate into the
conjugate hemisphere as ducted whistlers, where they can
parametrically excite LH waves [Lee and Kuo, 1984]. In the
1990s, considerable attention was given to the observations of
small-scale LH structures in the ionosphere. They were first
interpreted as collapse of LH solitons which was later shown
to be incorrect by Schuck et al. [2002]. Instead, these obser-
vations of what is now referred to as the LowerHybrid Solitary
Structures (LHSS) were found to be consistent with Whistler/
LH/Whistler conversion owing to preexisting density struc-
tures in the ionosphere. A comprehensive review of the LHSS
phenomenon is given by Schuck et al. [2003]. In laboratory
experiments, Rosenberg and Gekelman [1998, 2000, 2001]
studied the mode conversion of incident whistler waves into
LH waves on a single striation at LAPD and found that the
width of the striation plays an important role in determining
the mode conversion efficiency.
[6] Parrot et al. [2007] observed the presence of iono-

spheric irregularities at altitude �700 km above NWC
transmitter during VLF wave transmission. Motivated by
this work, Foust et al. [2010] presented studies of the “20 dB
deficit.” To estimate the power loss of VLF whistler mode
waves while propagating up to �700 km altitude at middle
latitude, Foust et al. [2010] used a full wave model [Bell and
Ngo, 1990; Lehtinen and Inan, 2008] and modeled whistler
wave propagation assuming uniform background density
corresponding to that at 700 km and a set of plausible field-
aligned density irregularities. They found that for short
propagation paths of �15 km, the model predicts power
losses ranging from 3 dB (25% probability) to 7 dB (2%
probability). For longer propagation paths of �150 km, the
model predicts power losses ranging from 4 dB (25%
probability) to over 10 dB (2% probability). The model of
Foust et al. [2010] neglects processes occurring below the F
peak and especially at altitudes between 100 and 200 km.
[7] It is the objective of the present paper to demonstrate

that for plausible irregularity spectra the predominant power
loss for whistler waves occurs at altitudes between 100 and
200 km. A full wave model of whistler wave propagation in
the lower ionosphere is used to estimate the attenuation of

whistler waves owing to mode conversion to LH waves in
the presence of density striations and collisions. The simu-
lations use a realistic night side nonuniform ionosphere
density profile and address the “20 dB puzzle” for the
whistler waves propagating through ionosphere.
[8] The paper is organized as follows. In section 2 we present

a numerical model and simulation setup for modeling linear
mode conversion between whistler wave and LH wave in the
presence of short-scale density striations. We, furthermore,
discuss the condition for resonant mode conversion between
whistler and LH waves. In section 3 we discuss evidence,
spectra and the physics of naturally driven striations between
100 and 200 km at middle latitude. In section 4 we use the
numerical model to study the attenuation of whistler waves
owing to mode conversion in the presence of density striations
for different striation widths, and discuss their implications.
Finally, the main conclusions are presented in section 5.

2. Interaction of Whistler Waves With Density
Irregularities in the Inhomogeneous Low-Altitude
Ionosphere

2.1. Simulation Model

[9] A 2D model is used to simulate the interaction of
whistler waves with field-aligned density striations in an
inhomogeneous plasma in the presence of collisions. The
model is based on decomposition of the electron current
density as⇀je ¼ ⇀jLH þ⇀jW and the wave electric field as⇀E ¼
⇀ELH þ⇀EW , where the subscripts LH and W denote “lower
hybrid” and “whistler” waves, respectively, and leads to the
equations [Eliasson and Papadopoulos, 2008]:

∂⇀jLH
∂t

¼ r�2

�
e

me
r� r� nstr

⇀EW þ⇀jLH �⇀B0

� �� �
� e

mi
r r⋅ ⇀jLH �⇀B0

� �� ��� nin
⇀jLH ð1Þ

for the LH waves and to

∂⇀jW
∂t

¼ � e

me
1� l2

er2
� ��1r� �r� �l2

e

�
nstr

⇀ELH þ⇀jW

�⇀B0 þ nen
⇀jW
��� ð2Þ

for the whistler waves.
[10] Here, me and mi are the electron and ion (typically

oxygen ion) masses, nstr the striation density distribution, ⇀B0

the background magnetic field, and le = c/wpe, with the
electron plasma frequency wpe = (n0e

2/ɛ0me)
1/2 for the

background density n0. In equation (1), the nstr
⇀EW describes

the coupling of the whistler electric field to the LH waves,
and in equation (2), the nstr

⇀ELH term describes the coupling
of the LH electric field to whistler waves, in the presence of
striations. For nstr = 0, equations (1) and (2) are decoupled,
and describe the propagation of LH and whistler waves.
Given the LH component of the electron current density⇀jLH,
the electrostatic field of the LH wave can be obtained as
[Eliasson and Papadopoulos, 2008]

⇀ELH ¼ 1

n0
rr�2 r⋅ ⇀jLH �⇀B0

� �� �
; ð3Þ
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while the whistler wave electric field as

⇀EW ¼ � 1

n0
⇀jW �⇀B0: ð4Þ

Equations (1)–(4) form the set of equations for modeling
the propagation of coupled whistler and LH waves in the
presence of density striations. Equations (1) and (2) are
slightly modified from Eliasson and Papadopoulos [2008,
equations (22) and (23)] by taking into account the inho-
mogeneous background electron density profile along the
z direction and the effects of ion-neutral and electron-neutral
collisions, with frequencies ninand nen, respectively.

2.2. Resonant Mode Conversion

[11] The mode conversion of whistler waves into LH
waves occurs most efficiently when the parallel component
of the wave vectors of the whistler and the LH wave for the
same frequency are equal. For a collisionless homogeneous
plasma, this condition can be obtained by using the disper-
sion relations of a parallel propagating whistler:

w ¼ c2k2z
w2
pe

wce; ð5Þ

and a LH wave in the electrostatic limit (le
2k2 � 1):

w2 ¼ wcewcik2? þ w2
cek

2
z

k2? þ k2z
; ð6Þ

where wce and wci are the electron and ion gyrofrequencies,
respectively. The resonant mode conversion condition for
LH to whistler waves can be obtained by combining
equations (5) and (6). By solving these equations for the
value of k?, we find that

k2? ¼ w2
ce � w2

w2 � wcewci

w
wce

w2
pe

c2
: ð7Þ

Equation (7) is the resonance condition and implies that the
wave frequency w needs to satisfy

ffiffiffiffiffiffiffiffiffiffiffiffi
wcewci

p
< w < wce for

the LH wave to resonate with the whistler wave.

[12] The assumption of parallel whistler propagation along
the magnetic field lines is not always true. For example, the
anomalous attenuation exists above VLF transmitters
located near the magnetic equator (NPM), as well as above
VLF transmitters located at much higher latitudes (NAA).
Over NPM, Earth’s magnetic field has a dip angle of about
50 degrees, while over NAA this dip angle is about
75 degrees. To treat the case of oblique magnetic field, the
factor kz

2 in equation (5) should be replaced by kkz, where
k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2? þ k2z

p
is the modulus of the wave vector of the

vertically propagating whistler wave. Equation (5) combined
with equation (6) then gives the more general resonance
condition, which, however, is more complicated. For
simplicity, we assume parallel propagation of the whistler
waves below.
[13] For whistler waves propagating along a density stri-

ation of transverse width Dstr, the resonant condition occurs
when the transverse component of the LH wave forms a
standing wave inside the striation:

Dstr ¼ n

2
l?; ð8Þ

where l? = 2p/k? is the transverse LH wavelength and n is a
positive integer. Equation (8) is the condition for optimal
resonant mode conversion between whistler and LH waves.
Such a condition was derived previously by Bell and Ngo
[1990] for whistler to LH conversion and found numeri-
cally by Eliasson and Papadopoulos [2008] for LH to
whistler conversion.
[14] For a nonuniform ionospheric density profile the LH-

whistler resonant mode conversion condition (equation (8))
requires that the striation width varies with altitude as is
illustrated in Figure 1. Figure 1a shows the altitude depen-
dence of the electron number density n0(z) used in our
simulations. It is chosen to be close to the profile of a typical
nighttime ionosphere. Figure 1b shows the altitude depen-
dence of the resonant density striation width as calculated
from equations (7) and (8) for wave frequency f = 18 kHz.
The density striations usually have gradual transverse pro-
files and it is expected that the LH-whistler resonant mode

Figure 1. (a) Electron number density profile versus altitude used in the simulations. (b) Density striation
width Dstr versus altitude for resonant whistler and LH conversion for frequency f = 18 kHz in ionosphere
as prescribed in Figure 1a for striation width satisfying Dstr ¼ l?

2 and Dstr = l?.
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conversion condition, equation (8), can be satisfied over a
range of altitudes. In Figure 1b, we choose a range of density
striation widths Dstr = 8 � 3 m and mark them with three
horizontal blue lines. It can be seen that in this case, the
interaction region can cover an altitude range from 100 km
to 160 km.

3. Field-Aligned Density Irregularity Spectra

[15] Similarly to Foust et al. [2010] an important ingre-
dient of our theory is the presence of naturally occurring
density irregularity spectra. However, our focus is in the
low-altitude, inhomogeneous ionosphere between 100 and
180 km in the presence of collisions. Density striations such
as hypothesized here have been observed in the ionosphere
under a variety of conditions. Simultaneous rocket and radar
observations in the midlatitude E region have measured
strong field-aligned density depletions at altitudes 80–
150 km with meter-like transverse scale size [Fukao et al.,
1998; Tsunoda et al., 1998; Yamamoto et al., 1998]. The
irregularities are often associated with large-scale structures
such as sporadic E or the so-called quasi-periodic (Q-P)
structures. The sporadic E layers are either steady or vari-
able, with the latter occurring significantly more often, and
with higher occurrence probability at night. Incoherent
scatter observations of plasma density profiles at midlatitude
show large-scale waves with both type 1 and 2 character-
istics. The Q-P structures are tilted vertical striations at
altitudes near 110 km during postsunset period [Yamamoto
et al., 1991; Kelley et al., 1995]. Their radar echoes show
horizontal scales of 15–30 km and lead to the meter-scale
density irregularities or striations by mechanisms similar to
those of type 1 and 2 irregularities in the equatorial iono-
sphere [Sudan, 1983]. The large-scale electric fields or
density gradients lead to drifts which drive two-stream and
gradient drift instabilities. The instabilities have different
spectral characteristics depending on the strength of the drift
[Schlegel and Haldoupis, 1994] and the threshold for the
drift speed is modified, compared to the equatorial case,
owing to the heavy metal ions at middle latitudes. When the
drift is above threshold, namely higher than the ion sound
speed, a narrow spectrum of irregularities is generated by the
Farley-Buneman instability. For lower drift speeds a broad
type 2 turbulence is generated, resulting in a cascade of
irregularities with scales from the kilometer scale down to
the meter scale [Pfaff et al., 1998]. The radar echoes of the
irregularities show 6.1 m for 24.5 MHz, with strong spectral
broadening [Tsunoda et al., 1998] and 3.2 m for 46.5 MHz
[Yamamoto et al., 1991]. The field-aligned irregularities thus
range from a few to tens of meters.
[16] Another mechanism for the generation of field-

aligned irregularities is the thermal instability driven by the
neutral wind [Kagan and Kelley, 2000]. The neutral wind
induces polarization electric fields, which in turn produces
Ohmic heating. In the density depleted regions this leads
to enhanced plasma pressure and consequently the plasma
is forced out, thus increasing the density depletion. This
thermal instability mechanism predicts the scale sizes of
the density depletions along the magnetic field to be more
than two orders of magnitude compared to the transverse
sizes. These two mechanisms for producing field-aligned

irregularities, or striations, yield transverse scale sizes
ranging from a few to tens of meters in the midlatitude
E region.

4. Simulation Results

4.1. Simulation Setup

[17] We solve equations (1)–(4) numerically to study the
attenuation of whistler waves owing to the conversion to LH
waves along the propagation path in a nonuniform iono-
sphere. The simulation domain is chosen to be a rectangular
box with typical box size Ly � Lz = 120 m � 90 km and the
number of grid points Ny � Nz = 300 � 1350, resulting in
grid sizes of Dy = Ly/Ny = 0.4 m, and Dz = Lz/Nz = 66.7 m.
The large aspect ratio between the z and y directions for the
grid sizes and the simulation box is required owing to the
propagation characteristics of the LH waves with k? being
much larger than kz. The spatial derivatives are approxi-
mated with a pseudospectral method with periodic boundary
conditions used in both the y and z directions. A fourth-order
Runge-Kutta scheme is used to advance the solution in time,
and the simulation time step is chosen to beDt = 3 � 10�8 s.
The simulation is computationally intensive and typically
takes one week to finish on a two-core high-end workstation.
[18] Our numerical parameters have been chosen to

resolve the problem accurately. The fourth-order Runge-
Kutta method is accurate as long as the time step is much
smaller than the wave period. With a wave frequency of
18 kHz, the wave period is 5.6 � 10�5 s. The chosen time
step Dt = 3 � 10�8 s is 1800 times shorter than the wave
period, and hence the numerical errors due to the time
stepping are negligible. The relatively short time step is
chosen owing to the stability condition for the Runge-Kutta
method, Dt <

ffiffiffi
8

p
=fm, where fm is the largest eigenvalue of

the problem. For our problem, fm is approximately equal to
Wce = 8.44 � 106 s�1, which requires that the time step Dt <
3.35 � 10�7 s. The chosen time step Dt = 3 � 10�8 s
satisfies this condition.
[19] The pseudospectral method is used to calculate the

spatial derivatives. It is based on (1) the interpolation of
the grid function by a trigonometric polynomial (series),
(2) the exact differentiation of the trigonometric polynomial,
and (3) the evaluation of the result on the numerical grid. In
practice the grid function is first Fourier transformed in
space (using the fast Fourier transform), then multiplied by
the wave number (or a combination of wave numbers), and
the inverse Fourier transformed to obtain the result. The
result is exact if the solution can be represented on the
numerical grid, and the pseudospectral method does not
introduce any numerical dispersion errors, in contrast
to finite difference methods. The restriction is set by the
Nyqvist theorem, which states that more than two grid points
per wavelength are needed to represent a solution on the
numerical grid. Hence the largest wave numbers allowed
(the Nyqvist wave numbers) in the simulation are given by
k? < p

Dy= and kzj j < p
Dz= . We have Dy = 0.4 m and Dz =

66.67 m, which gives the Nyqvist wave numbers p
Dy= =

7.9 m�1 and p
Dz= = 4.7 � 10�2 m�1, where Dy and Dz

are the grid sizes in the y and z directions. The perpendicular
and parallel wave numbers at the upper boundary of the
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simulation domain, where the wave number is largest
(owing to the largest density; see Figure 1a) are obtained
from (5) and (7) as k? = 0.68 m�1 and kz = 0.8 � 10�2 m�1,
which are much smaller than the corresponding Nyqvist
wave numbers.
[20] Hence, both the whistler and lower hybrid waves are

well represented on the numerical grid. The striations are
also resolved with at least 5–10 grid points, which gives high
enough resolution.
[21] In the simulation setup, the external magnetic field

⇀B0 ¼ B0ẑ, with B0 = 4.8 � 10�5 T, is aligned with the z axis.
The corresponding electron and ion (oxygen) gyrofre-
quencies are wce = 8.44 � 106s�1 and wci = 286.1s�1,
respectively. The simulation domain spans from z = 90 to
180 km in altitude with a nonuniform background density,
as shown in Figure 1a. The density striations are also aligned

along the z direction with a Gaussian profile in the transverse
y direction:

nstr zð Þ ¼ �n0;str zð Þ exp � y� yscð Þ2
D2

str

 !
; ð9Þ

with Dstr = 2Dstr . For the simulations presented here, we use
n0,str (z) = 0.05n0 (z) (5% of the background number density)
and place 5 density striations centered at ysc = �40 m,
�25 m, 0 m, 20 m, and 45 m. The striation width Dstr is
varied in different simulations and the case of Dstr = 8 m is
shown in Figure 2a.
[22] To simulate the continuous injection of whistler

waves, we use an external current source
⇀jws ¼ jw0 tanh

2 t=Dtð Þ sin k0z� wtð Þ= cosh z� z0 � dzð Þ=dz½ �ŷ;
ð10Þ

Figure 2. Attenuation of whistler waves through mode conversion to LH waves in the presence of den-
sity striations. (a) Distribution of density striations with Gaussian profile and width Dstr = 8 m and ampli-
tude 5% of the background density. Their centers are located at ysc = �40 m, �25 m, 0 m, 20 m, 45 m.
(b and d) Distribution of LH wave electric field amplitude at t = 1.2 ms and 1.8 ms. (c and e) Distribution
of the whistler wave magnetic field amplitude.
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where jw0 = 8.8 � 109 A/m3, the risetime Dt = 0.1 ms,
w = 2pf with the injection wave frequency f = 18 kHz, k0 =
0.003 m�1, z0 = 90 km and dz = 2 km, and the waves
propagate upward from the bottomside ionosphere. The use
of the reciprocal of the “cosh” function in equation (10)
ensures that the current source is located in a region
between z = 90 and 95 km.

4.2. Simulation With Striation With Width Dstr = 8 m

[23] The first set of simulations were performed to study
the propagation of a whistler wave and its interactions with a
collection of density striations with Gaussian profiles as
specified in equation (9) and all striations having the same
width Dstr = 8 m. Figures 2b, 2c, 2d, and 2e) show the spatial
distribution of the LH wave electric field and the whistler
wave magnetic field amplitudes at t = 1.2 ms and 1.8 ms.
Note that the simulation domain spans from z = 90 km to
180 km in Figure 2. In order to assess the effects on whistler
wave attenuation owing to the mode conversion to LH
waves in the presence of density striations, we set the colli-
sional frequencies nin = nen = 0 in the simulation. Since the
whistler waves are injected continuously from the bottom of
the ionosphere, the snapshots of the wavefield amplitude
distributions provide an overview of the attenuation of the
whistler waves and their conversion to LH waves along the
propagation path. Figures 2b and 2d show that during the
interaction between the whistler wave and the striations. The
excited LH waves propagate along the magnetic field lines
in the z direction and have short-scale structures in the y
direction. While the LH wave vector is almost perpendicular
to the magnetic field, its group velocity is perpendicular to
the wave vector and thus almost parallel to the magnetic
field. Figures 2c and 2e show the attenuation of the whistler
waves owing to the conversion to LH waves. At t = 1.2 and
1.8 ms the whistler wavefront has traveled a distance of �50
and 70 km along z, respectively. Notice that the whistler
wave slows down owing to the increase in the density and
the associated decrease of the group velocity along its path.
[24] In order to quantitatively assess the attenuation of the

whistler wave owing to mode conversion to LH waves, we
integrate the whistler wave magnetic energy over y and
obtain [Eliasson and Papadopoulos, 2008]

WB zð Þ ¼
Z Ly=2

�Ly=2

B2

2m0
dydz ≈

Z Ly=2

�Ly=2

me

2l2
en0 zð Þ r�2r�⇀je

� �2
dy

Lz
Nz

ð11Þ
and LH wave energy

WLH zð Þ ¼ We zð Þ þWi zð Þ; ð12Þ
where

We zð Þ ¼ n0 zð Þ
Z Ly=2

�Ly=2

mev2e
2

dydz ¼ me

2n0 zð Þ
Z Ly=2

�Ly=2
j2edy

Lz
Nz

ð13Þ

and

Wi zð Þ ¼ n0 zð Þ
Z Ly=2

�Ly=2

miv2i
2

dydz ≈
mi

2n0

Z Ly=2

�Ly=2
r�2r r⋅⇀je

� �� �2
dy

Lz
Nz

ð14Þ
are the electron and ion kinetic energies, respectively.

[25] Figure 3 (top, middle) shows the calculated z distri-
bution of whistler wave and LH wave energy integrated over
y. To serve as a reference, Figure 3 (top) also shows the
simulated spatial distribution of whistler wave energy over z
if it propagates without conversion to LH waves and other
losses. This result is obtained by setting nstr (y, z) = 0 and
nin = nen = 0 in equations (1)–(4). The increase of the
whistler wave amplitude along z is due to the decrease of the
whistler wave group speed as it propagates into the iono-
sphere with increasing electron density. We can see from
Figure 3 (top) that the whistler waves are attenuated signif-
icantly for the simulation with density striations as compared
to that without striations. Figure 3 (middle) indicates that the
attenuation of the whistler waves is accompanied by the
increase of the LH wave energy owing to whistler-LH wave
mode conversion. The LH wave energy with large oscilla-
tory pattern concentrates mainly between z = 100 and
150 km. We define the whistler wave attenuation factor as

Aw ¼ �10 log10 WB;str zð Þ=WB;0 zð Þ� �
dBð Þ; ð15Þ

where WB,str (z) and WB,0 (z) are the whistler wave energies
with and without the density striations, respectively.
Figure 3 (bottom) shows the whistler wave attenuation factor
versus z and it clearly shows an increase along the propa-
gation path of the whistler waves. For the whistler wave
propagating from 90 km to 150 km, the attenuation factor is
�15.5 dB from the simulation with 5 density striations of
width Dstr = 8 m. The most significant attenuation of whis-
tler waves occurs between z = 100 km and 150 km, which is
consistent with the resonant mode condition for striations in
a nonuniform ionosphere, as presented in Figure 1b. In
Figure 1b, the altitude range for resonant mode conversion is
from z = 100 to 140 km for striations with fixed width
Dstr = 8 � 3 m. For striations with a Gaussian shape with
width Dstr = 8 m, the striation boundary changes gradually
and therefore the mode conversion interaction region can
cover a region from z = 100 to 150 km.
[26] It is expected that including the effect of ion-neutral

collisions will damp the LH wave, as is evident from
equation (2). However, it is not clear how much this will
affect the attenuation of whistler wave indirectly, since the
LH waves can mode convert back to the whistler waves
through interaction with the striations [Eliasson and
Papadopoulos, 2008]. In order to examine this, another set
of simulations was carried out by including the ion-neutral
collisions and the results are shown in Figure 4b. The sim-
ulation of mode conversion in the presence of collisions
show much less energy in the LH waves, compared to the
case with no collisions (Figure 4b, bottom). This is due to
damping of the LH waves by ion-neutral collisions, as
shown in equation (1). However, there is not much differ-
ence in the whistler wave energy distribution versus z for the
simulations with or without collisions (black and red curves
in Figure 4b, top).

4.3. Effects of Density Striation Widths on Whistler
Wave Attenuation

[27] To investigate the effects of the striation width on the
whistler wave attenuation owing to mode conversion to LH
waves, we simulate whistler wave propagation using the
same background ionosphere as above, but with different
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striation widths. Figures 5 and 6 show simulation results
with uniformly distributed density striations of Gaussian
shape with widths Dstr = 2 m and 15 m, respectively. The
attenuation factors at z = 140 km obtained from the simula-
tion with Dstr = 2 m and 15 m are �2.2 dB and 4 dB,
respectively. This is consistent with our analysis of resonant
mode conversion condition (8) for whistler and LH waves in
the presence of density striations. In Figure 1b, one can see
that for striation with fixed width Dstr = 2 m, there is no
resonant mode conversion between the altitudes z = 90 km
and 170 km. Therefore, the attenuation of whistler wave
owing to mode conversion to LH wave is not significant for
striation of Gaussian width Dstr = 2 m. As for striations with
Gaussian width Dstr = 15 m (Figure 6), the resonant mode
conversion occurs mainly around z = 100 to 120 km, which
is mainly due to the conversion of whistler wave to LH wave
with transverse wavelength satisfying the condition of
l? = Dstr (see Figure 1b).
[28] The above simulations clearly show that the striation

width plays an important role in the attenuation of the
whistler waves through mode conversion to LH waves. The
radar and rocket observations of striations, discussed in
section 3, show a spectrum of striation widths and simula-
tions of such a case is shown in Figure 7. For mixed density
striations with widths ranging from 2 m to 10 m, the overall
attenuation factor at z = 140 km is �8.8 dB.

4.4. Comparison of Attenuation Factors

[29] The whistler wave attenuation factors owing to mode
conversion to LH waves in the presence of various density
striation widths are shown together in Figure 8. Also shown
in Figure 8 is the attenuation owing to the electron neutral
collision only (blue curve), calculated from the whistler
wavefield propagation model [Helliwell, 1965]:

B1 zð Þ ¼ B1 zsð Þ wpe zð Þ
wpe zsð Þ exp �

Z z

zs

w1=2wpe z′ð Þnen z′ð Þ
2cw3=2

ce

dz′

" #
: ð16Þ

By defining a zð Þ ¼ exp � R zzs w1=2wpe z′ð Þnen z′ð Þ
2cw3=2

ce

dz′
h i

, the attenu-

ation factor owing to electron-neutral collisions is calculated
as

Aw zð Þ ¼ �20 log10 a zð Þð Þ: ð17Þ

We use the altitude-dependent electron-neutral collision
frequency shown in Figure 4a to obtain the attenuation factor
owing to the electron-neutral collision alone.
[30] From Figure 8, we see that the attenuation factor

owing to the electron-neutral collision is �2 dB and the
main attenuation occurs between z = 80 and 100 km. The
attenuation factor is �12 dB at z = 140 km for whistler wave
propagation in the presence of uniformly distributed density
striations with Gaussian width = 8 m, which is the largest in

Figure 3. (top) Spatial variation of y-integrated whistler wave energy along z obtained from simulation
with and without whistler-LH wave mode conversion (black and blue curve, respectively) at time
t = 1.8 ms. (middle) Corresponding to the LH wave (black curve). (bottom) Attenuation factor (in deci-
bels) for the whistler wave along the propagation path. All panels are derived from Figure 2b at t = 1.8 ms.
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comparison with the cases of other striation widths. This is
consistent with resonant mode conversion as presented in
Figure 1b, which shows that the condition is satisfied for
fixed striation width = 8 � 3 m between z = 100 and 140 km

in the nonuniform ionosphere used in the simulation. With
density striations of mixed widths, the attenuation factor is
about 9 dB. Thus, the attenuation owing to the mode

Figure 4. (a) Model of altitude-dependent ion-neutral collision frequency (blue curve) used in our simu-
lations. The altitude-dependent electron-neutral collision frequency is also plotted and later used in section
4.5 to derive the whistler wave attenuation factor owing to only electron-neutral collisions. (b) Compari-
son of whistler (top) and lower hybrid (bottom) wave energies without mode conversion and ion-neutral
collisions (blue curve), with mode conversion and no collisions (black curve), and with both mode conver-
sion and collisions (red curves) at t = 1.2 ms.
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Figure 5. Conversion of whistler to lower hybrid waves in the presence of striations with width Dstr =
2 m, and 5% amplitude of local density, at t = 1.2 ms. (a) From top to bottom: distribution of density stria-
tions with their centers located at the same y locations as in Figure 2, distribution of LH wave electric field
amplitude, and distribution of whistler wave magnetic field amplitude. (b) From top to bottom: spatial var-
iation of y-integrated whistler wave energy along z obtained from simulation without and with whistler-LH
wave mode conversion (blue and black curve), spatial distribution of y-integrated LH wave energy along z
for simulation with whistler-LH wave mode conversion (black curve), and attenuation factor in decibels
for the whistler waves along the propagation path.
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conversion of whistler waves to LH waves is much stronger
than that owing to the electron-neutral collisions.

5. Discussion

[31] We have developed a numerical model to simulate the
mode conversion of whistler waves into LH waves in the
presence of density striations in the nonuniform lower ion-
osphere. The simulations show that the striations lead to
whistler wave attenuation by mode conversion to LH waves,
and their widths play an important role in the attenuation

rate. The LH waves are excited most effectively for striations
with widths matching the condition of resonant mode con-
version. Furthermore, the whistler wave attenuation is most
significant when the product of the striation width and the
wave number of the LH wave are of the order unity. The
simulations show that for striations with fixed width of 8 m,
the whistler wave attenuation can be as high as 15 dB for the
ionospheric density profile used. With mixed density stria-
tions of widths ranging from 2 to 10 m, the whistler wave
can be attenuated by �9 dB as it propagates from 90 to
150 km. Therefore, for the density striation models

Figure 6. Similar plots as in Figure 5. The simulation is conducted in an ionosphere with density stria-
tions with the width Dstr = 15 m.
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investigated, the mode conversion of whistler wave to LH
waves can result in significant attenuation of VLF whistler
waves as they propagate through the low-altitude iono-
sphere. Although the field-aligned plasma density irregu-
larities or striations used in the simulations are consistent
with the rocket and radar observations [Yamamoto et al.,
1991, 1998; Kelley et al., 1995; Pfaff et al., 1998], it is
worth of pointing out that like any natural phenomenon, the
striation widths are not always as perfect as would be nec-
essary for an efficient conversion as the calculations given in
this article indicate. However, the loss of whistler power is

also not always 20 dB. It is possible that this lack of perfect
grating width in nature all the time may explain the inter-
mittency or irregularity in the magnitude of power loss. A
comparison of more detailed observations of striation char-
acteristics and their correlation with the whistler power loss
would be very useful as a future extension of this work.
[32] Whistler waves are important in the pitch angle scat-

tering and precipitation of energetic electrons in Earth’s
radiation belts, and it is necessary to develop a whistler wave
propagation model incorporating a comprehensive set of loss
processes. The 20 dB whistler wave power deficit reported

Figure 7. Similar plots as in Figure 5. The simulation is conducted in an ionosphere with density striation
of mixed striation widths. The Gaussian striation widths are Dstr = 8 m, 2 m, 6 m, 10 m, and 4 m at ysc =
�40 m, �25 m, 0 m, 20 m, and 45 m, respectively.
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by Starks et al. [2008] calls for such modeling efforts. The
study by Foust et al. [2010] show that the mode conversion
of whistler wave to LH waves in the middle altitude can
result in 7–10 dB power loss for whistler waves. Our simu-
lations show that the mode conversion in the low-altitude
ionosphere can result in �10 dB power loss for whistler
waves. A comprehensive modeling work to address the
20 dB whistler wave power deficit needs to take into account
of mode conversion of whistler wave to LH waves in
both lower and middle altitudes. On a speculative basis,
we can consider the satisfaction of the resonance condition
equation (7) combined with the fact that naturally driven
irregularities have scale lengths in the range of 0–20 m, we
can conclude that frequencies below 3–5 kHz will suffer
very little attenuation in traversing the ionosphere. Whether
other processes such as parametric instabilities or whistler
turbulence [Mishin et al., 2010; Ganguli et al., 2010] will
affect those lower frequencies is currently under study.
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